Abstract. We prove that the hyperelliptic mapping class group of a nonorientable surface of genus g ≥ 4 has a faithful linear representation of dimension g 2 − 1 over R.
. Surface S g embedded in R 3 .
As was observed in the proof of Theorem 2.1 of [10] , projection π j has a section i j : M(N g ) → C M(S g−1 ) (j) ⊂ M(S g−1 ).
In fact, for any h ∈ M(N g ) we can define i j (h) to be an orientation preserving lift of h. Let ∈ C M ± (S g−1 ) (j) be the hyperelliptic involution, i.e. the half turn about the y-axis. The hyperelliptic mapping class group M h (S g−1 ) is defined to be the centraliser of in M(S g−1 ). The hyperelliptic mapping class group turns out to be a very interesting and important subgroup, in particular its finite subgroups correspond to automorphism groups of hyperelliptic Riemann surfaces -see for example [9] and references there.
Recently we extended the notion of the hyperelliptic mapping class group to nonorientable surfaces [10] , by defining M h (N g ) to be the centraliser of π j ( ) in the mapping class group M(N g ). This definition is motivated by the notion of hyperelliptic Klein surfaces -see for example [4, 5] . We say that π j ( ) is the hyperelliptic involution of N g and by abuse of notation we write for π j ( ).
Since ∈ C M ± (S g−1 ) (j), we have restrictions of π j and i j to the maps
2. Linear representations of the hyperelliptic mapping class group.
Mapping class groups of projective plane N 1 and of Klein bottle N 2 are finite, hence the first nontrivial case is the group M(N 3 ). This is an interesting case, because it is well known [3, 8] that
In particular, M h (N 3 ) has a faithful linear representation of real dimension 2.
For g ≥ 4, we can produce a faithful linear representation of the hyperelliptic mapping class group M h (N g ) as a composition of the section
and a faithful linear representation of M h (S g−1 ) obtained by Korkmaz [6] or by Bigelow and Budney [2] . Recall that both of these representations of M h (S g−1 ) are obtained form the Lawrence-Krammer representation of the braid group [1, 7] . The above argument is immediate, but the resulting representation of M h (N g ) is far from being optimal. In fact, if we use Bigelow-Budney representation of M h (S g−1 ) (which has much smaller dimension than the one obtained by Korkmaz) the dimension of the obtained representation of
Main Theorem. If g ≥ 4, then the hyperelliptic mapping class group M h (N g ) has a faithful linear representation of real dimension g 2 − 1.
Proof. Let M ± (S 0,g+1 ) be the extended mapping class group of a sphere with g + 1 punctures {p 1 , . . . , p g+1 }, and let M ± (S 0,g,1 ) be the stabiliser of p g+1 with respect to the action of M ± (S 0,g+1 ) on the set of punctures. By Theorem 2.1 of [10] , the orbit space projection
with ker π = . Moreover, by rescaling the Lawrence-Krammer representation of the braid group [1] , Bigelow and Budney constructed in the proof of Theorem 2.1 of [2] a faithful linear representation
To be more precise, they obtained a representation over C, however their argument works without any changes over R. Since M(S 0,g,1 ) is a subgroup of index 2 in M ± (S 0,g,1 ), the later group has an induced faithful linear representation of dimension 2 · g 2 = g 2 − g. This gives us a linear representation
It is straightforward to check that if
Remark. The Main Theorem gives an upper bound g 2 − 1 on the minimal dimension of a faithful linear representation of the hyperelliptic mapping class group M h (N g ). As we mentioned in the introduction, the hyperelliptic mapping class group M h (N 3 ) has a faithful linear representation of real dimension 2, hence it seems very unlikely that the obtained bound is sharp.
